Considering the guidance problem of relative motion of missile target without the dynamic characteristics of missile autopilot in the interception planar, non-homogeneous disturbance observer is applied for finite-time estimation with respect to the target maneuvering affecting the guidance performance. Two guidance laws with finite-time convergence are designed by using a fast power rate reaching law and the prescribed sliding variable dynamics. The nonsingular terminal sliding mode surface is selected to improve dynamic characteristics of missile autopilot. Furthermore, the finite-time guidance law with dynamic delay characteristics is designed for the target maneuvering through adopting variable structure dynamic compensation. The simulation results demonstrate that, for different target maneuvering, the proposed guidance laws can restrain the sliding mode chattering problem effectively and make the missile hit the maneuvering target quickly and accurately with condition of corresponding assumptions.
Introduction
With the development of flight control technology, the maneuverability of targets is getting much stronger, and how to inhibit the influence of the target's maneuvering on the missile's guidance performance and improve the robustness of guidance law is always the research hotspot in the field of missile interception. At present, there are several robust guidance laws, including ∞ guidance law [1] [2] [3] , 2 gain guidance law [4] , neural network guidance law [5] , adaptive guidance law [6] , and sliding mode variable structure guidance law. The sliding mode guidance law which is robust with respect to uncertainties and disturbances has aroused a wide research interest in recent years [7] [8] [9] [10] [11] .
However, there is a disadvantage for the sliding mode variable structure control, which is the chattering after the system reaches the sliding mode manifold. Currently, the main solutions to this disadvantage are high-order sliding mode control [10] [11] [12] and nonsingular terminal sliding mode control [13] . The higher order sliding mode is an extension of the conventional sliding mode and it cannot only eliminate the defect of the conventional sliding mode method but also maintain its advantages. Because the second-order sliding mode controller has simple structure and needs less information, it is the most widely used in the higher order sliding mode.
Nonsingular terminal sliding mode can remove the chattering and allow the system state to converge to the equilibrium within finite time. However, considering the capability to reach the sliding mode, this speed is too slow compared to exponential reaching law, even at the space adjacent to the sliding mode with fast exponential terminal sliding mode control; therefore, nonsingular terminal sliding mode with the advantages of no chattering has lower comprehensive control performance. Yu et al. combined the traditional power reaching law and exponential reaching law to get a fast power reaching law, which solves the problems2 Journal of Control Science and Engineering this problem, the target's maneuvering with an extended state observer independent of system model was proposed in [15] ; despite of its high accuracy, this simulation has no stable theoretical proofs. An observer that can estimate unknown disturbance precisely was researched by [16] [17] [18] ; however, the result is not finite-time convergent. A homogeneous disturbance observer was studied in [11] , which is able to perform transient estimation with high precision of the target's maneuvering in the system. However, this method converges quite slowly when there is great initial error, which is determined by the nature of homogeneous system. A nonhomogeneous and finite-time convergent robust differentiator was proposed by [19] , based on which, a nonhomogeneous disturbance observer to speed up the transient process in finite time was researched by [20] .
The dynamic delay characteristic of missile autopilot is another major factor influencing the guidance precision in the process of interception guidance within the atmosphere. In order to deal with this problem, the guidance loop and control loop are studied as a whole. The method which can work in the best of maneuvering abilities and strike the target with high precision has become an inevitable trend of missile guidance and control system design [21] [22] [23] [24] [25] . The guidance laws with the dynamic delay characteristic are considered by using the differential game and optimal control theory in [21, 22] ; however, the remaining time for the guidance needs to be estimated. The guidance law with attack angle constraints and dynamic delay is researched by using observer in [23, 24] , but the selected sliding mode surface is too complex. Using back-stepping method, a guidance law considering the missile's dynamic characteristics was studied in [25] , but this control method need a great deal of computation.
Inspired by the literatures above, this paper develops three finite-time guidance laws. Not considering the dynamic delay of missile autopilot, two guidance laws with finitetime convergence are designed by using a fast power rate reaching law and the prescribed sliding variable dynamics. A nonhomogeneous disturbance observer is applied to perform finite-time observation to the target's disturbance in missile guidance system. Considering the missile's dynamic characteristics, this paper designs a guidance law combining nonsingular terminal sliding and fast power rate reaching law. It is able to compensate the missile's dynamic delay and the target's maneuvering, mitigate the chattering, shorten the time before reaching the sliding surface, and improve the system's disturbance resistance and the precision of guidance.
General Description
Considering the relative motion geometry of missile and target in the intercepting plane, both of which are regarded as point masses, their connecting line is the line-of-sight (LOS), as shown in Figure 1 .
and represent the missile and the target, respectively.
During the attack, the impact angle is quite small, and differential equations can be derived from Figure 1 as follows: 
where and are the velocities of the target and missile, respectively; anḋare the relative distance between the missile and the target and the relative speed, in which andȧ re regarded as known time-varying parameters; ,̇are the LOS angle and the LOS angular rate, respectively. , are the missile's and the target's flight path angles, respectively. Taking the first-order derivatives of both sides of (2) with respect to time yields
where = − , = − are advance angles of missile and target, respectively; and the missile's and the target's normal accelerations, respectively. During designing the guidance law, the latter is regarded as the system's control input and unknown external disturbance input, respectively.
For convenience of designing the guidance law, the following assumptions are given.
Assumption 1.
As is restrained by acceleration capability, the maximum lateral acceleration that can be actually provided by the missile and the target is limited; therefore, there exist constants > 0, 1 > 0, and 2 > 0 which allow
During terminal guidance, as is restrained by the power of its angle tracing system, receiver acceleration, and other factors, the seeker has a minimum operating range 0 . When the relative distance between the missile and the target is no more than 0 , the guidance circuit is broken; therefore, a guidance process satisfying the hypothesis below is required.
Assumption 2 (see [18] ). The time-varying parameter ( ) in the system of (2) satisfies 
Equation (6) describes the dynamic characteristics of the sliding mode along the trajectory of the system. = 0 defines the system's motion on the sliding mode manifold, ∈ is the continuous control input, and ( ) is a sufficiently smooth indeterminate function. If the sliding mode variable and the control input can be obtained in real time, ( ) is − 1 order differentiable, and −1 ( ) has a known Lipschitz constant . A nonhomogeneous disturbance observer is designed to speed up the transient process in [20] , which is defined aṡ
. . .
where ℎ is a function with a form as follows:
where , > 0, = 0, 1, . . . , .
Compared with the observer in Shtessel et al. [11] , ℎ ( ) which is defined as (8) has an additional linear condition − to speed up the transient process.
Lemma 3 (see [20] ). Suppose that ( ) and ( ) in the system of (6) are measured; the parameters and are chosen sufficiently large in the reverse order. The following equalities are true after a finite time of the transient process:
3.2. Fast Power Reaching Law. The fast power reaching law is described by a first-order nonlinear equation:
where ∈ is the sliding mode variable, 1 , 2 > 0, ∈ (0, 1), and sgn(⋅) is the sign functions. For convenience, we denote sig( ) = | | sgn( ). It can be verified that
Lemma 4 (see [14] ). For the system of (10), if 1 , 2 > 0 and ∈ (0, 1), the system state and its first-order derivativėwill tend to 0 within finite time , and the time of adjustment will be a continuous function at the initial condition:
Finite-Time Convergence
Definition 5 (see [26] ). The equilibrium = 0 of the system is finite-time stable if it is asymptotically stable with a finite settling time for any solution and initial conditions.
Definition 6 (see [27] ). Consider a smooth dynamic systeṁ = V( ) with a smooth output function ( , ) = 0. Then provided that successive total time derivatives ,,, . . . , ( −1) are continuous functions of the closed system state variables, and the -sliding point set (13) is nonempty and consists locally of Filippov trajectories, the motion on set (13) is called -sliding mode.
Lemma 7 (see [14]). Considering a nonlinear system oḟ= ( , ), (0, ) = 0, ∈ , if there is a continuous and positive definite function ( ) satisfying the differential inequality as follows:̇(
where 1 , 2 > 0, 0 < < 1 are all constants, the time for the system state to reach the stable point satisfies the inequality below:
Guidance Law Design
Define =, and system equation (3) can be written aṡ
When substituting (16) into (15), we can geṫ
Select the sliding mode manifold:
Selecting (10) of fast power reaching law and combining (17) and (18), we can get Journal of Control Science and Engineering where ( ) = cos / is the unknown total disturbance of the target, anḋ
Case 1. Suppose that the interceptor missile autopilot has ideal dynamics. For the system of (18), the nonhomogeneous disturbance observer introduced by (7) and (8) is adopted to estimate ( ). Let = 2:
According to Lemma 3, after the system's transient process in finite time, ( ) = 1 , we can design the guidance law as Proof. Substituting the guidance law of (22) into the system of (15), we can geṫ
where = , cos / = ( ), and ( ) = 1 after the transient process in finite time according to the observer of (21); thus,̇=
According to Lemma 4, the system state and its firstorder derivativėconverge to zero within finite time , which means that the LOS angular rate and the LOS angular acceleration in the system of (15) converge to zero within finite time.
For convenience, the guidance law designed with (22) is called the fast sliding mode guidance law, or FSMG for short.
For the system oḟ= ( ) + , Shtesel et al. proposes a sliding mode control method with compensated -dynamics [28] . Inspired by this method, we use the observer designed with (21) to estimate unknown disturbance ( ) and to design the guidance law̃: Proof. Substituting the guidance law of (25) into the system of (18), we can geṫ
Under the action of nonhomogeneous disturbance observer of (21), the form we get iṡ
Construct a Lyapunov function:
It is not hard to verify that 1 ( ) is positive definite, continuous, and differentiable. Taking the derivative of (28), we can geṫ1
According to LaSalle principle,̇1( ) = 0 contains a unique solution = = 0; therefore, the system of (27) converges to zero asymptotically. It is obvious that the system of (27) is a homogeneous system, and the degree of homogeneity is −1 according to the theory of homogeneity [11] ; therefore, in the system of (27), ,̇becomes stable at the point of zero within finite time, which means that the LOS angular rate and the LOS angular acceleration can converge to zero within finite time.
For convenience, the guidance law designed with (25) is called the variable dynamic sliding mode guidance law, or VDSMG for short.
Remark 10. For any system with the forṁ= ( ) + , both FSMG and VDSMG are able to ensure that the system's states anḋconverge to zero in finite time. FSMG is superior to VDSMG with respect to convergence time; meanwhile, the guidance law VDSMG will oscillate between positive and negative values until the sliding mode manifold and its derivative converge to zero. See Section 5 simulation for the detailed comparison.
Remark 11. Both FSMG and VDSMG are designed while not considering the dynamic characteristics of missile autopilot; thus, the precision of guidance is not necessarily guaranteed when there is dynamic delay of autopilot.
It is necessary to design a guidance law with high precision and fast convergence considering the dynamic characteristics of the missile autopilot.
Case 2. Suppose that the interceptor missile autopilot has first-order dynamic delay.
The dynamics of the missile autopilot is described with the first-order inertia link aṡ
where is the time constant of missile autopilot, is the guidance command acceleration given to missile autopilot, and is the missile's acceleration obtained. For the system's equations of states (15) and (30), we select the nonsingular terminal sliding mode:
where 1 < < 2, > 0 are constants.
Select fast power reaching law:
where the parameters are the same as those of (10) . Take the derivative of (31):
Combining (32) and (33), we can get
During the terminal guidance, we suppose thaṫ= const and̈≈ 0 basing on the truth thaṫalmost remains the same. Meanwhile, as 1− < 0, the term −1 −1 || 1− becomes singular wheṅ→ 0.
Design a guidance law with the dynamic delay of missile autopilot:
where the term sgn( 1 ) is for compensating the disturbancė ( ), and from (20) , |( )| ≤ ≤ .
Theorem 12. for the system's equations of states (15) and (30),
if we select the sliding mode manifold of (31) and the fast power Proof. Substituting the guidance law of (35) into (33), we can geṫ1
Construct Lyapunov function:
Taking the derivative of 2 , we can geṫ
where = 2 1 || −1 ≥ 0, 0 < ( + 1)/2 < 1, = 2 2 || −1 ≥ 0. Wheṅ̸ = 0, we can get from Lemma 7 that the system of (15) converges to the sliding mode manifold 1 = 0 within finite time. On 1 = 0, the system state ,ċonverges to zero within finite time; wheṅ= 0, 1 ̸ = 0; according to (31), ̸ = 0, but ( ̸ = 0,̇= 0) is a stable equilibrium, which means thaṫ2 = 0 cannot maintain. According to the reaching condition of sliding mode, the system will reach and remain the nonsingular terminal sliding mode state 1 = 0; then the system state ,̇will converge to zero within finite time, which means that the LOS angle rate and the LOS angular acceleration will converge to zero within finite time.
The guidance law designed with (35) is called the fast sliding mode guidance law, or FNTSMG for short. seeker is 0 = 100 m. In the simulation, the parameters of the guidance law are selected as 1 = 7, 2 = 3, = 0.75, 1 = 2, 2 = 3, = 5, and = 5/3, and missile's acceleration is limited as 20 , = 9.8 m/s 2 is the gravitational constant. The parameters of the observer are selected as 0 = 1.1, 1 = 1.5, 2 = 2, 0 = 3, 1 = 6, 2 = 8, and = 100.
Numerical Simulation
Suppose that the target employs cosine maneuvering of = 8 cos( /4) m/s 2 and step maneuvering of = 8 gm/s 2 , respectively. It is necessary to take the place of sgn( ) with saturation function:
where is small positive constant. Simulation results are introduced as follows.
Case 1.
Not considering the dynamic delay of the missile autopilot, we perform simulation comparison between the designed FSMG, VDSMG, and the augmented proportional navigation guidance law [29] ̂= −6̇+0.5 1 (of APNG for short), where 1 is the total disturbance estimated according to the observer of (21). Table 1 shows the miss distances and the flight times; Figures 2-5 illustrate the tracking curves of the LOS angular rate, the LOS angular acceleration, the missile's normal acceleration, the target's maneuvering, and the observer with respect to the target's total disturbance, respectively. As shown in Table 1 , APNG is completely invalid, while both FSMG and VDSMG have small miss distances in any of the two cases, with basically the same flight time. As shown in Figure 2 , both FSMG and VDSMG are able to make the LOS angle rate converge to zero rapidly in any of the two cases; in particular, the convergence speed of FSMG is significantly superior to that of VDSMG. At the same time, this figure shows that the LOS angular rate of VDSMG oscillates around zero until it converges to zero, which makes the LOS angular acceleration in Figure 3 and the missile's normal acceleration in Figure 4 oscillate in the first 3 secs. However, both FSMG and VDSMG have sound guidance performance after the first 3 secs and are able to intercept fast targets effectively. We can also see that the missile's acceleration of both FSMG and VDSMG are able to track the target's maneuvering rapidly and without time delay, which confirms the effectiveness of Theorems 8 and 9. On the other side, the LOS angular rate of APNG is divergent in either case that the missile cannot intercept the target. As shown in Figure 5 , the designed Step maneuvering, time (s) Step maneuvering, time (s) observer can track the target's total disturbance rapidly and precisely in less than 0.2 s.
Case 2. Considering that the missile autopilot has first-order delay, we perform a simulation comparison between FSMG, VDSMG, and FNTSMG, where the time constant of missile autopilot is = 0.5. Table 2 shows the miss distances and flight times; Figures 6-8 illustrate the simulation results. As shown in Table 2 , VDSMG is invalid, while both FSMG and FNTSMG have small miss distances. As shown in Figure 6 , the LOS angular rate of VDSMG is immediately divergent, while the LOS angle rate of FSMG oscillates greatly in the first seconds and then tends to zero rapidly, which Step maneuvering, time (s) shows that FSMG is more robust than VDSMG. However, the great oscillation in the first seconds results in the oscillation of LOS angular acceleration and missile normal acceleration in Figures 7 and 8 , causing the loss of guidance performance.
For the designed FNTSMG, as shown in Figures 6-8 , both the Step maneuvering, time ( LOS angular rate and the LOS angular acceleration converge to zero rapidly within finite time in both cases. Also the missile's normal acceleration remains in limited range and is able to track the target's maneuvering rapidly, while a time delay exits in the system. All the above confirms the Step maneuvering, time (s) Step maneuvering, time (s) effectiveness of Theorem 12. In one word, it indicates that FNTSMG is able to compensate the influence of the missile's dynamic delay and the target's maneuvering, with a sound and highly precise guidance performance.
Case 3. Considering that the missile autopilot has firstorder delay, we perform a simulation to show the validity of FNTSMG. The time constant of the missile autopilot is chosen as = 0.3, 0.5, 0.7, respectively. Table 3 shows the miss distances and flight times. Figures 9-11 Step maneuvering, time ( Step maneuvering, time (s) remains small and flight time almost the same as each other, which shows the robustness of the proposed guidance law. From Figures 9 and 10 , it can be seen that both the LOS angular rate and the LOS angular acceleration converge to zero rapidly. Figure 11 illustrates that when the target is escaping substantially under two different cases, the missile's normal acceleration is able to track the target's maneuvering rapidly and remains in limited range, which confirms the effectiveness of Theorem 12.
Conclusions
For the target's escape maneuvering in the missile interception system, we apply finite-time convergent nonhomogeneous disturbance observer to track and observe the target's unknown disturbance. When not considering the dynamic delay of missile autopilot, two guidance laws are designed, namely, FSMG and VDSMG. According to the result of simulation comparison, both methods have a precision of guidance significantly higher than that of APNG which is already known in the field in different cases of the target's maneuvering, and the designed guidance laws can intercept the maneuvering target rapidly with a high precision within finite time. Meanwhile, the result of simulation comparison indicates that FSMG is superior to VDSMG with respect to convergence time and mitigating the chattering of the sliding mode.
Considering the missile's dynamic delay, we select highorder nonsingular terminal sliding mode and design a FNTSMG which is able to compensate the dynamic delay of missile autopilot and the target's maneuvering. From the simulation results, it can be seen that the guidance law can always make sure a performance of high precision and stability under different dynamic time delays, which shows the efficiency and robustness of the proposed guidance law. Future works include the design of the guidance law that can deal with the dynamic time delay and impact angle constraint at the same time, while the whole system evolves in 3-dimensional space. 
